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On fractional Laplacians - 3 
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Abstract 

We investigate the role of the noncompact group of dilations in R" on the difference of the 
quadratic forms associated to the fractional Dirichlet and Navier Laplacians. Then we apply 
our results to study the Brezis-Nirenberg effect in two families of noncompact boundary 
value problems involving the Navier-Laplacian . 
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1 Introduction 


The Sobolev space H m (M . n ) = m € R, is the space of distributions u € ^'(M 71 ) with 

finite norm 

imi 2 m = f (i + kiTwoi 2 #. 

R" 


see for instance Section 2.3.3 of the monograph m- Here T denotes the Fourier transform 

Tu{ £) = 
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For arbitrary m G M we define fractional Laplacian on M n by the quadratic form 
Qm[u\ = ((-A ) m u,u) := J |e| 2m |^(0| 2 ^, 

R n 

with domain 

Dom(Q m ) = {u e S'( R n ) : Q m [u\ < oo}. 

Let n be a bounded and smooth domain in M n . We introduce the “Dirichlet” fractional 
Laplacian in Q (denoted by (—Ao)^) as the restriction of (—A) m . The domain of its quadratic 
form is 

Dom((5^ Q ) = {u <E Dom(Q m ) : suppu C fl}. 

Also we define the “Navier” fractional Laplacian as the m-th power of the conventional Dirichlet 
Laplacian in the sense of spectral theory. Its quadratic form reads 

= ((-A n)Xu,u) := J2j X T’ IK^)| 2 - 

Here, A j and (fj are eigenvalues and eigenfunctions of the Dirichlet Laplacian in D, respectively, 
and Dom(Q^ n ) consists of distributions in D such that Q ^ ^[u] < oo. 

For m = 1 these operators evidently coincide: (— Aq)^ = (—Aq)^. We emphasize that, in 
contrast to (—Aq)^, the operator (—Aq) 7 ^ is not the m-th power of the Dirichlet Laplacian for 
m/1. 

It is well known that for m > 0 quadratic forms Q ^ ^ and QmSl generate Hilbert structures 
on their domains, and 

Dom(Q£ n ) = H m (Q) C Dom(Q^ n ), 

where 

H m (n) = {ue H m {R n ) : supp u C D} . 

It is also easy to see that for m € N, u £ H m (fi ) 

Qm, nM = Qm,n ki¬ 
ln [12] and [H] we compared the operators (—An)^ and (—Aq)^} for non-integer m. It 
turned out that the difference between their quadratic forms is positive or negative depending 
on the fact whether \m\ is odd or even. However, roughly speaking, this difference disappears 
as D —> M n . 
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Namely, denote by F(Q) the class of smooth and bounded domains containing fi. For any 
u £ Dom(Q^ q) the form Q ^ n ,[u] does not depend on Ll' £ F(fl) while the form Q ^ Q,[it] does 
depend on If D LI, and the following relations hold. 


Proposition 1 ([14\ Theorem 2]). Let m > —1, m £Nq. If u £ Dom((5^ Q ) ; then 

Qm,nM = n ,^ if 2k<m<2k + l, k £ N 0 ; (1.1) 

Qm,nl u ] = SU P Qm.fi'H if 2k - 1 < m < 2k, k£ N 0 . (1.2) 

The main result of our paper is a quantitative version of Proposition |T] 


Then 


->N 


->D 


-)D 




m N. Let u £ H m 

‘(II), and let 

supp(u) 

. C(n,m)R n 

J _ j,^2n+2m ' 

Ui\\ 2 

l“Hla(fi)’ 

if 

[mj: 2; 

. , C(n,m)R n 

■ J _ ^2n+2m ' 

b/ll 2 

l w llLi(f2)> 

if 

|_mJ/2. 


(1.3) 

(1.4) 


The proof of Theorem [Tj is given in Section [2j In Section [3] we apply this result for studying 
the equation^] 


(-Asi)^u = X(-Aq) s n u + \u\ 2 ™ 2 u in Ll, 


(1.5) 


(—= A|x| 2s u+\u\ 2 ™ 2 u in LI, (1.6) 

where 0 < s < m < ^ and 2^ = n 2 ^ m ■ By solution of (11.51) or (11.61) we mean a weak solution 
from Dom(Q^ >n ). 

In the basic paper [2] by Brezis and Nirenberg a remarkable phenomenon was discovered for 
the problem 

4 

— Au = Xu + \u\ n ~ 2 u in LI, u = 0 on <90, (1.7) 

which coincides with m and m with n > 2, m = 1, s = 0. Namely, the existence of a 
nontrivial solution for any small A > 0 holds if n > 4; in contrast, for n = 3 non-existence 
phenomena for any sufficiently small A > 0 can be observed. For this reason, the dimension 
n = 3 has been named critical for problem (11.71) (compare with [T6], [8]). 

x we assume that 0 € P. 
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As was pointed out in m, the Brezis-Nirenberg effect is a nonlinear analog of the so-called 
zero-energy resonance for the Schrodinger operators (see, e.g., [2Tj and [22] pp.287-288]). 

After [2], a large number of papers have been focussed on studying the effect of lower order 
linear perturbations in noncompact variational problems, see for instance the list of references 
included in [8] Chapter 7] about the case m £ N, s = 0, and the recent paper [13], where a 
survey of earlier results for the Dirichlet case was given. For the Navier case with non-integer 
m, the only papers we know consider m £ (0,1) and s = 0, see [18] and [I]. See also the recent 
paper [5] and references therein for nonlinear lower-order perturbations. 

We consider the general case and prove the following result (see Section [3] for a more precise 
statement), that corresponds to [Q, Theorem 4.2] . 

Theorem 2 Let 0 < s < m < ^ . If s > 2m — ^ then n is not a critical dimension for the 11.51) 
and This means that both these equations have ground state solutions for all sufficiently 

small A > 0. 

Let us recall some notation. Br is the ball with radius R centered at the origin, is its 
boundary. We denote by c with indices all explicit constants while C without indices stand for 
all inessential positive constants. To indicate that C depends on some parameter a, we write 
C{a). 


2 Proof of Theorem Q] 


Notice that we can assume u £ Cq°(Q ), the general case is covered by approximation. 

Proof of (11.311 . Let m = 2k + a, k £ No, cr £ (0,1). Denote by w D (x,y ), x £ M n , y > 0, 
the Caffarelli-Silvestre extension of (—A ) k u (see [1]), that is the solution of the boundary value 
problem 

—div(y 1_2<T Vu;) = 0 in M n x R + ; w\ y=Q = (-A ) k u, 
given by the generalized Poisson formula 


w D {x,y) = ci(n,cr) J 


y (~A) fc -u(0 

(l*-£l 2 + y 2 )^ 


df- 


( 2 . 1 ) 


In [1] it is also proved that 

oo 

Qm,n[«] = Qa,n[(~ A ) ku ] = c 2 (n,a) f j y^^^w 0 ^ dxdy. (2.2) 

0 R" 
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(2.3) 


Integrating by parts m, we arrive at following estimates for |x| > r: 

n C(n,m) y 2a \\u\\L,(n) n n(n.m?\v 2rT ~ 1 

\w D (x, j/)| < |V» d (x,!,)|< 




((|x| - r) 2 + y 2 ) 2 ((|x| - r) 2 + y 2 ) 2 

Following [T2l Theorem 3], we define, for x € Br and y > 0, the function 

w(x,y) = w D (x,y) - <p(x,y), 

where </>(•, y) is the harmonic extension of w D (-,y ) on Br, that is, 

-A x ^(-,y) = 0 in Br- cj)(-, y) = w D (■ , y) on § K . 
Clearly, {o| 0 = (—A ) k u and u;| x( _ Sd = 0. Further, we have 


xGSij 


oo oo 

J j y 1 ~ 2a \Vw\ 2 dxdy = j j y 1 " 2 ^(\\/w D \ 2 — IVw 0 ■ Vcj) + \\/(j)\ 2 ) dxdy 

0 B r 0 Bp 

OO 


J J y l 2a \Vw D \ 2 dxdy — 2 j j y 1 2a (\7w D - n) (j)dB>R(x)dy 

0 Bp 0 Sr 


0 § R 
oo 


+ J J y CT |V</>(x, y)\ dxdy. 
o b r 


Since (j)(-,y) = w D (-,y) on §#, we can use (12.31) to get 


y 1 2a {yw D ■ n) cf> d§ R (x)dy 


~>n— 1 


^ C(n,m)R " 2 


0 Sfl 


(.R - r ) 2n + 21 


x-i ' 


(2.4) 


Now we estimate the last integral in (12.41) . It is easy to see that |V</>(-,y) : is subharmonic in 
Br and thus the function 

f I V0(x,y)| 2 dS p (a:) 

Sp 

is nondecreasing for p £ (0, R). This implies 

R 

l: dx= j J \V(f>(x, y)\ 2 d§ p (x)dp 
o s p 

R 


J tV0(x,y)| 5 

b r 


< 


n 


J(\\7 x (j)(x, y)\ 2 + \d y (j)(x,y)\ 2 )dE,R(x). 
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Using the fact that d y (j){x,y) = d y w D (x,y) for x 6 Sr and the well known estimate 
J \\7 x (])(x,y)\ 2 dS> R (x) < C{n) J \V x w D {x, y)\ 2 dE> R (x), 


Sr 


Sr 


we can apply (12.3|) and arrive at 


OO 

J J yl ~ 2a ^( X,y ^ 2 dxdy 


0 Br 

In conclusion, from (|2.4|) we infer 

1 — 2(7 I 


/ C(n,m)R n |LJ|2 

— (R _ r )2n+2m ' H U HLi(n)- 


1 — 2 g | v 7 — 1 2 J J ^ [ [ 1-2(7 1 V 7 D |2 j J , C(n,m)R n 2 

y l v H J J y \ Vw I + (i? _ r)2n+2m • IMIlr^- 

0 0 B r 


(2.5) 


Now we use the Stinga-Torrea characterization of Q^q- Namely, a quite general result of 
m implies that 


Qm ,nN = Qa,nl(- A ) ku \ = C 2 (n, <r) ^ inf 

Relations (12.61) . (12.5)1 and (12.2j) give us 


y 1 2a \Vw\ 2 dxdy. (2.6) 


v>U 6 en=0 
w\ y =o=(-A) k u 0 O 


Qm,n[«] < Qm,B R W\ < c 2 (n,a) J J y CT |Vu;| dxdy 

o Br 


< 


OO 

c 2 (n, <t) j J y l ~ 2u \S7w L) 1 dxdy 


C(n, m) R r ‘ 


o 


_<^2n+2m H llLi(fi) 

< qD r I , C(n,m)R n 2 
— h/mjOPj + ^ _ r ^2n+2m ll U lll,i(n)> 


and (11.31) follows. 

Proof of (11.41) . Let m = 2k — a, k e N, a € (0,1). Denote by w~ D (x,y ), x € R n , y > 0, 
the “dual” Caffarelli-Silvestre extension of (— A) k u (see [3j and [H]), that is the solution of the 
boundary value problem 


—div(y 1 ~ 2cr Vw) = 0 in R n x M + ; V d y w\ y=Q = -(-A ) k u, 
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given by the formula 


w D (x,y ) = c 3 (n, a ) J 


(-A ) k u(0 


\x-£\ 2 + y 2 ) 2 


— d£- 


(2.7) 


Note that the representation (12.71) is true also for n = 1 < 2<r while for n = 1, <7 = 1/2 it should 
be rewritten as follows: 

w~ D (x,y) = c 3 (1,1/2) J (—A) k u(£) ln(|x — £| 2 + y 2 ) d£. 


It is also shown in [14J that 

Qm,a[u] = Q D a,n[(~ A ) k ^ 
1 


c 2 (n,cr) 


2 / - 


( 2 . 8 ) 


{—A) k u(x)w~ D (x, 0 )dx-J J y^\ Vw- D \ 2 dxdyj 


Integrating by parts (12.71) . we arrive at following estimates for |x| > r: 

((|x| — r) 2 + y 2 ) 2 ((|x| —r) 2 + y 2 ) 2 

Now we define, as in m Theorem 2], 

w(x, y) = w~ D (x, y) - 0(x, y), x € B R , y> 0, 

where 

-A x cj>(-,y) = 0 in B r - y) = w~ D {-, y) on§ K . 

Clearly, = 0. Arguing as for (11.31) and using (12.91) instead of (|2.3D . we obtain 

oo oo 

J j y l - 2a \Vw\ 2 dxdy< j J y 1 ^ 2a \^w- D \ 2 dxdy + -^^^-\\u\\l m . 


(2.9) 


( 2 . 10 ) 


0 B R 0 b r 

We can use the “dual” Stinga-Torrea characterization of Q q . It was proved in |14| that 

QZ.M = <3-.,n[(-A)‘u] (2.11) 

OO 

1 


sup 

C2{n, a) w\ xed ci=o 


' (—A) k u(x)w(x,0) dx — J J y 1 ~ 2a \Ww\ 2 dxdyj. 


o a 
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Relations (12.111) . (I2.10p . (|2.8I) and the evident equality 


/(-A)‘«W*>,0)t = 0 

Br 


give us 


oo 



oo 



and (11.41) follows. The proof is complete. 


□ 


3 The Brezis—Nirenberg effect for Navier fractional Laplacians 

We recall the Sobolev and Hardy inequalities 



(3.1) 


(3.2) 


that hold for any u £ Co°(M n ) and 0 < m < The best Sobolev constant S m and the best Hardy 
constant H m were explicitly computed in [6j and in m, respectively. 

It is well known that Hm is not attained, that is, there are no functions with finite left- and 
right-hand sides of (13.21) providing equality in (|3.2I) . In contrast, it has been proved in [6] that 
S m is attained by a unique family of functions, all of them being obtained from 


i iO\ 2m- 

4>(x) = (1 + \x\) 2 


(3.3) 


by translations, dilations in M n and multiplication by constants. 
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A standard dilation argument implies that 


inf 


Qm, JlM 


" 6Do ;“-» ) (/ m 2 » 


\2/2*. 


— s„ 


The key fact used in further considerations is the equality 


inf 

MeDom(Q^ n ) 

u^O 


( I M 2 ™ dx 


2/2* 




(3.4) 


that has been established in m (see also earlier results [3 GO] for m = 2, [8] for m £ N and 

? N ' 
m,£l- 


for 0 < m < 1). Clearly, the Sobolev constant S m is never achieved on Dom(Q))) n ). 


The corresponding equality for the Hardy constant, that is, 

QIqH 


inf 

xgDom(Q^ n ) f \ x \-2m\ u \2 fa 

A 


= Urn , 


(3.5) 


was proved in m as well (see also m and [7] for m € N). 
We point out that the infima 

Qm,n M 


Qm, nM 


Ai(m, s) := inf 


Ai(m, s) := inf 

ueDom(Q* n [u]) J \x\~ 2s \u\ 2 dx 


(3.6) 


,GDom (Q* n ) <„[«] 

0 q 

are positive and achieved. Since Dom(Q^ n ) is compactly embedded into Dom(Q^), this fact 
is well known for Ai (m, s) and follows from (13.51) for Ai(m, s). 

Weak solutions to (11.51) . (11.61) can be obtained as suitably normalized critical points of the 
functionals 

< n [u] - AQjnM 




( J M 2 ” 1 dx 


2/2S 


(3.7) 


QZ,ni u ] ~ x I \ x \ 2s \u\ 2 dx 

KmM = - n 


( f \u\ 2 ™ dx'j 


\ 2/2* 


(3.8) 
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respectively. It is easy to see that both functionals are well defined on Dom(Q^ Q ) \{0}- 

In fact, we prove the existence of ground states for functionals (13.71) and (13.81) . We introduce 
the quantities 


S\(rn,s) 


inf 

«€Dom(Q^ n ) 

n^O 


Ft 


Q, r 
A ,m,s [ 




inf 

ueDom 

n^O 


, m ,sH ' 


By standard arguments we have S^(m, s ) < S m . In addition, if A < 0 then S^(m, s ) = S m and 
it is not achieved. Similar statements hold for 

We are in position to prove our existence result that includes Theorem [2] in the introduction. 


Theorem 3 Assume s > 2m — 

i) For any 0 < A < Ai (m,s) the infimum S^(m,s) is achieved and EM has a nontrivial 
solution in Dorn(Q^ q). 

ii) For any 0 < A < Ai(m, s) the infimum S^(m,s) is achieved and EM has a nontrivial 
solution in Dom(Q^ {1 ). 

Proof. We prove i), the proof of the second statement is similar. Using the relation (13.4() and 
arguing for instance as in m one has that if 0 < S^(m, s) < S m . then S^(m, s ) is achieved. 
Since 0 < A < Ai(m, s), then S^(m, s) > 0 by (13.61) . 

To obtain the strict inequality S^(m,s) < S m we follow [2], and we take advantage of the 
computations in 01- 

Let be the extremal of the Sobolev inequality (13.11) given by (13.31) . In particular, 

/ r \2/2 * m 

M := Q m [(j)\ = S m i I dx J . (3.9) 

R™ 


Fix a cutoff function p € Cffi(fi), such that ip = 1 on the ball {|a;| < <5} and cp = 0 outside the 
ball {|x| < 2<5}. 

If e > 0 is small enough, the function 

( T \ 2m—n 

-J = tp(x) (e 2 + \x\ 2 ) 2 

has compact support in fh 
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From P31 Lemma 3.1] we conclude 


24 == Q%W 


A £ '.= / \x\ 2s \uJ 2 dx > < 


< £ 2m ~ n (M + (7(5) s n ~ 2m ) 

(7(5) e 

(7(5)|log£| if s = 2m — | 


Am—n—2s if s > 2m _ » 


2If := < n k] 


:= / dx 


> U s ^ 


see (13.511 


> e~ n ((MS” 1 ) 2 -/ 2 - (7(5) £ n ) 


If m is an integer or if |_mj / 2, then by (11.21) 


2t e m ■= Qm,nK] < 24, 


and we obtain 


74 ,m,s[ u e] — ^ 


^■A,m,s[ u e] — 


2m—2s 


1 + (7(5) e n ~ 2m - A(7(5) £ 

1 — (7(5) e n ’ 

1 + (7(5) e™- 2 ™ - A(7(5) e n - 2m | log e| 


if s > 2m — 


n 


(3.10) 


n 


, if s = 2m — —. (3.11) 


1 -(7(5) e n 

Thus, for any sufficiently small £ > 0 we have that < S m , and the statement follows 

It remains to consider the case LttxJ : 2. Since ||u e ||Li(r 2 ) < (7(5), the estimate (11.31) implies 
24 < 24 + (7(5) = £ 2m—n (m + (7(5) £ n " 2m ) , 


and we again arrive at (13.101) . (13.111) . □ 

For the case s < 2m — ^ we limit ourselves to point out the next simple existence result, as 

in [13] . 

Theorem 4 Assume s < 2m — ^. 
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i) There exists A* G [0,Ai(m, s)) such that for any A G (A*,Ai(m, s)) the infimum S^(m,s) 
is attained, and hence has a nontrivial solution. 

ii) There exists A* G [0, Ai (m,s)) such that for any A G (A*,Ai(m, s)) the infimum S^(m,s) 
is attained, and hence \1.6\) has a nontrivial solution. 
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